Abstract. In this article we construct a family of genus two Lefschetz fibrations fn : X θn → S 2 with e(X θn ) = 11, b + 2 (X θn ) = 1, and c 2 1 (X θn ) = 1 by applying a single lantern substitution to the twisted fiber sums of Matsumoto's genus two Lefschetz fibration over S 2 . Moreover, we compute the fundamental group of X θn and show that it is isomorphic to the trivial group if n = −3 or −1, Z if n = −2, and Z |n+2| for all integers n = −3, −2, −1. Also, we prove that our fibrations admit −2 section, show that their total space are symplectically minimal, and have the symplectic Kodaira dimension κ = 2. In addition, using the techniques developed in [2, 6, 3, 7, 10, 9] , we also construct the genus two Lefschetz fibrations over S 2 with c 
Introduction
The Lefschetz fibrations are fundamental objects to study in 4-dimensional topology and they serve as a powerful tool for understanding the geometry and topology of symplectic 4-manifolds. It was shown by S. Donaldson that every closed symplectic 4-manifold admits a Lefschetz pencil, which can be blown up at its base points to yield a Lefschetz fibration [14] , and conversely, R. Gompf has shown that the total space X of a genus g Lefschetz fibration admits a symplectic structure, provided that the homology class of the regular fiber is nonzero in H 2 (X, R) [26] .
Let us recall from [26] that, given a Lefschetz fibration f : X → S 2 , one can associate to it a word W f = 1 in the mapping class group of the regular fiber composed only from right-handed Dehn twists. Conversely, given such a right handed Dehn twist factorization t γ 1 t γ 2 · · · t γn = 1 in the mapping class group M g of the closed orientable surface of genus g, one can explicitly construct genus g Lefschetz fibration over S 2 with the given monodromy.
In recent literature ( [19, 20, 8, 9, 10, 4] ), several authors have applied various relations in the mapping class group or Luttinger surgery to construct new Lefschetz fibrations with 1 ≤ b + 2 ≤ 3 and c 2 1 ≥ 0. For example, the exotic genus two Lefschetz fibrations with b + 2 = 3 and 0 ≤ c 2 1 ≤ 4 obtained via lantern relations can be found in [8] . The Lefschetz fibrations over S 2 with b + 2 = 1, 3 and c 2 1 = 0, and with various abelian fundamental groups, obtained via Luttinger surgery on the fiber sum of E(1) with T 2 × T 2 , can be found in [10, 9] . However, the exotic symplectic 4-manifolds obtained in [20, 8, 9, 4] do not have very small topology as one may desire. Some Lefschetz fibrations constructed in [19, 4] have b + 2 = 1, but with c 1 2 ≤ 0, and it was left open in [19, 4] whether total spaces of these Lefschetz fibrations are exotic symplectic 4-manifolds. Thus, it is an interesting problem to construct the Lefschetz fibrations with b + 2 = 1 and c 2 1 > 0 (with total space being non-standard or exotic symplectic 4-manifolds), which was our main motivation for writing this article. Our other motivations comes from the study of genus two Lefschetz fibration with small number of singular fibers, and the relationship between the minimality and the fiber-sum decomposability of Lefschetz fibrations (see the Remark 17) .
In this artcle, we will consider the lantern relation, a particularly well understood relation in the mapping class group. It was shown in [19] that the lantern substitution corresponds to the symplectic rational blowdown surgery along −4 sphere. We will first construct a family of genus two Lefschetz fibrations f n : X θn → S 2 with e(X θn ) = 11, b + 2 (X θn ) = 1, c 2 1 (X θn ) = 1, and π 1 (X θn ) ∼ = Z |n+2| (for any integer n) from the twice symplectic fiber sum of Matsumoto's well known genus two Lefschetz fibration with the monodromy ι 2 = (B 0 B 1 B 2 B 3 ) 2 = 1, obtained by factorizing the class of vertical involution ι of the genus two surface with two fixed points in the mapping class group M 2 of the closed orientable surface of genus 2 (see [35] ). More precisely, our genus two Lefschetz fibrations f n : X θn → S 2 will be obtained by applying the conjugations and a single lantern substitution to the word (ι 2 ) 2 = (B 0 B 1 B 2 B 3 ) 4 = 1 in M 2 . Furthemore, we will show that the total spaces of our Lefschetz fibraions are minimal symplectic 4-manifolds of general type (i.e. with the symplectic Kodaira dimension κ = 2), and prove that our fibration admits −2 section. Note that in the cases, when the fundamental group of X θn is trivial (i.e. when n = −3, −1), the total space of our Lefschetz fibration is an exotic copy of CP 2 #8CP 2 . For n / ∈ {−7, −6, −5, −3, −1, 0, 1, 2, 3}, the total space X θn is non-Kähler symplectic 4-manifold. This follows from the restriction on the fundamental group of minimal Kähler surfaces with the invariants c 2 1 = χ = 1. In the last section of our article, we also construct a family of Lefschetz fibrations over S 2 via the symplectic fiber sums of Matsumoto's and Xiao's [42] genus two Lefschetz fibrations with c 2 1 = 1, 2, χ = 1 and with various abelian fundamental groups, provide constructions of small exotic Lefschetz fibrations with b + 2 = 1, 3, and give further applications for constructing exotic smooth structures on small 4-manifolds. In the cases, when the fundamental group of our fibrations are trivial, the total space of our Lefschetz fibrations are exotic copies of CP 2 #7CP 2 , CP 2 #8CP 2 , 3CP 2 #12CP 2 , 3CP 2 #13CP 2 , 3CP 2 #14CP 2 , and 3CP 2 #15CP 2 . Our construction method and building blocks are similar to the ones [2, 6, 3, 7, 10, 9] , but our constructions requires a good understanding of Xiao's beautiful genus two Lefschetz fibration in [42] , which we present in Example 8. In the sequel [5] , we construct higher genus Lefschetz fibrations over S 2 , using the lantern, daisy and other relations in the mapping class group.
The organization of our paper is as follows. In the next sections, we recall some preliminary definitions and results to be used in the sequel. In Section 3, we state and prove some of our main results, which are Theorem 13, Theorem 14, Theorem 15, and make some remarks. In Section 4, we prove the existence of −2 sections of our Lefschetz fibrations, which is useful for the fundamental group computations. In the final Section 5, we construct a family of Lefschetz genus two fibrations over S 2 , with the invariants c 2 1 = 1, 2, χ = 1, and the fundamental groups listed, via the symplectic fiber sums of Matsumoto's and Xiao's genus two Lefschetz fibrations over S 2 . We also the constructions of small genus two Lefschetz fibrations over S 2 with b + 2 = 3 and b − 2 = 12, 13, 14, 15 with a trivial fundamental groups, and provide new constructions of exotic smooth structures on CP 2 #4CP 2 and 3CP 2 #6CP 2 using ideas of [7] , where such examples were first constructed by the first author and D. Park.
Preliminaries
In this section, we collect some preliminary definitions and results from [4] concerning the mapping class groups, lantern relations and lantern substitutions, Lefschetz fibrations, some details on Matsumoto's genus two Lefschetz fibration on T 2 ×S 2 #4CP 2 over S 2 from [33, 26, 38] and on Xiao's genus two fibration over S 2 [42] , the symplectic Kodaira dimension and the symplectic minimality following [30, 31, 41, 16] . Although, we are only interested in genus two Lefschetz fibrations in this article, it will be convenient to state the following definitions in a general setting.
2.1. Mapping Class Groups. Let Σ k g be an oriented 2-dimensional, compact, and connected surface of genus g with k boundary components. Let Dif f + Σ k g be the group of all orientation-preserving self-diffeomorphisms of Σ k g which are the identity on the boundary and Dif f + 0 (Σ g ) be the subgroup of Dif f + (Σ g ) consisting of all orientation-preserving self-diffeomorphisms that are isotopic to the identity. We assume that the isotopies fix the points on the boundary. The mapping class group M k g of Σ k g is defined to be the group of isotopy classes of orientation-preserving diffeomorphisms of Σ n g , i.e.,
For simplicity, let us set Σ g = Σ 0 g and M g = M 0 g . Definition 1. Let γ be a simple closed curve on Σ k g . A right handed (or positive) Dehn twist about γ is a diffeomorphism of t γ : Σ k g → Σ k g obtained by cutting the surface Σ k g along γ and gluing the ends back after rotating one of the ends 2π to the right.
By a classical theorem of Dehn and Lickorish [21] , the mapping class group M k g is generated by a finite number of Dehn twists. The following lemma is easy to prove. For the proof, we refer the reader to [27] .
(ii) Let α and β be two simple closed curves on Σ k g . If α and β are disjoint, then their corresponding Dehn twists satisfy the commutativity relation: t α t β = t β t α . If α and β transversely intersect at a single point, then their corresponding Dehn twists satisfy the braid relation: t α t β t α = t β t α t β .
2.2.
Lantern relation and lantern substitution. Let us recall the definition of the lantern relation (see [21, 33, 19] ).
0 denote a sphere with 4 boundary components. Let δ 0 , δ 1 , δ 2 , δ 3 be the 4 boundary curves of Σ 4 0 and let x 1 , x 2 , x 3 be the interior curves as shown in Figure 3 . Then, we have the lantern relation:
We call the following relator the lantern relator : . , e n be simple closed curves on M k g , and let R be a product where U and V are words. Thus, we obtain a new word in M k g , denoted by τ ′ , as follows:
Then, we say that τ ′ is obtained by applying a R-substitution to τ . In particular, if R is a lantern relator, then we say that τ ′ is obtained by applying a lantern substitution to τ .
Lefschetz fibrations.
Definition 5. Let X be a closed, oriented smooth 4-manifold. A smooth map f : X → S 2 is a genus-g Lefschetz fibration if it satisfies the following condition: (i) f has finitely many critical values b 1 , . . . , b m ∈ S 2 , and f is a smooth Σ g -bundle over S 2 − {b 1 , . . . , b m }, (ii) for each i (i = 1, . . . , m), there exists a unique critical point p i in the singular fiber f −1 (b i ) such that about each p i and b i there are local complex coordinate charts agreeing with the orientations of X and S 2 on which f is of the form f (z 1 , z 2 ) = z 2 1 + z 2 2 , (iii) f is relatively minimal (i.e. no fiber contains a (−1)-sphere.)
Each singular fiber of the Lefschetz fibration is an immersed surface with a single transverse self-intersection, and obtained by collapsing a simple closed curve (the vanishing cycle) in the regular fiber. If the curve is nonseparating, then the singular fiber is called nonseparating, otherwise it is called separating. Moreover, a singular fiber can be described by its monodromy, i.e., by a right handed Dehn twist along the corresponding vanishing cycle.
A Lefschetz fibration f : X → S 2 is holomorphic if there are complex structures on both X and S 2 with holomorphic projection f .
For a genus-g Lefschetz fibration over S 2 , the product of right handed Dehn twists t γ i along the vanishing cycles γ i , for i = 1, . . . , m, determines the global monodromy of the Lefschetz fibration, the relation t γ 1 t γ 2 · · · t γm = 1 in M g . This relation is called the positive relator. Conversely, for any such a positive relator in M g one can construct a genus-g Lefschetz fibration over S 2 with the vanishing cycles γ 1 , . . . , γ m : start with Σ g × D 2 , attach 2-handles H i along the vanishing cycles γ i in a Σ g -fibers in Σ g × D 2 with relative framing −1, and attach another copy of
H i via Σ g -fiber preserving map of the boundary. We will denote a Lefschetz fibration associated to a positive relator ̺ ∈ M g by f ̺ .
For a Lefschetz fibration f : X → S 2 , a map σ :
The self-intersection of σ is defined to be the self-intersection number of the homology class [σ(S 2 )] in H 2 (X; Z). Let δ 1 , δ 2 , . . . , δ k be k boundary curves of Σ k g . If there exists a lift of a positive relator
Conversely, if a genus-g Lefschetz fibration admits k disjoint sections of self-intersection −1, then we obtain such a relation in M k g . Let us now recall the signature formula of Matsumoto and Endo for hyperelliptic Lefschetz fibrations; it will be used to compute the signature of our genus two Lefschetz fibrations obtained in Section 3. [35] , [18] ). Let f : X → S 2 be a genus g hyperelliptic Lefschetz fibration. Let s 0 and s = Σ h=1 s h be the number of non-separating and separating vanishing cycles of f , where s h denotes the number of separating vanishing cycles which separate the surface of genus g into two surfaces, one of which has genus h. Then, we have the following formula for the signature
2.4.
Matsumoto's genus two fibration. Yukio Matsumoto's genus two Lefschetz fibration can be conveniently described as the double branched cover of S 2 × T 2 with the branch set being the union of two disjoint copies of S 2 × {pt} and two disjoint copies of {pt} × T 2 . The resulting branched cover has 4 singular points, corresponding to the number of intersections of the horizontal spheres and the vertical tori in the branch set. By desingularizing this manifold, one obtains the total space of Matsumoto's fibration, M = T 2 × S 2 #4CP 2 . Notice that the vertical T 2 fibration on S 2 × T 2 pulls back to give a fibration of T 2 × S 2 #4CP 2 over S 2 . Since a generic fiber of the vertical fibration is the double cover of T 2 branched over 2 points, it is a genus two surface. Matsumoto proved that [35] , the above fibration can be perturbed into Lefschetz one with the global monodromy given by the following word in the mapping class group M 2 : (B 0 B 1 B 2 C) 2 = 1, where B 0 , B 1 , B 2 , and C denotes the Dehn twists along the curves β 0 , β 1 , β 2 , and c shown in Figure 2 . Let us denote by Σ 2 the regular fiber of the fibration above, and the images of the standard generators of Σ in the fundamental group of π 1 (M ) = Z ⊕ Z as a 1 , b 1 , a 2 , and b 2 . Using the homotopy long exact sequence for a Lefschetz fibration and the existence of −1 sphere sections of Matsumoto's fibration, we have the following identification of the fundamental group of M [38] :
β β c β Figure 2 . Dehn twists for Matsumoto's fibration 2.5. Xiao's genus two fibrations. In this section, we recall a result of Gang Xiao obtained in [42] , where a family of holomorphic genus two Lefschetz fibrations
In a special case of d = 3, the construction in [42] , yields to a genus two Lefschetz fibrations over S 2 with 7 singular fibers, three of which have the separating vanishing cycles. The proof can be derived from Theorem 3.16, Table on pages 52-53, and Theorem 4.5, Example 4.7 on pages 64-66). The case d = 2 corresponds to Matsumoto's genus two fibration with 8 singular fibers, that we discussed above. Let us summarize the result obtained by Xiao in the following theorem in a special case of d = 3, which we will need later on.
Theorem 7.
There exist a holomorphic genus two Lefschetz fibration f (E, 3) : S(E, 3) → X(3) = S 2 with 7 singular fibers, three of which have separating vanishing cycles. Moreover, the complex surface S(E, 3) have the following invariants: p g (S(E, 3)) = 0, q(S(E, 3)) = 1, e(S(E, 3)) = 3, σ(S(E, 3)) = −3, c 2 1 (S(E, 3)) = −3, and χ h (S(E, 3)) = 0. Since p g (S(E, 3)) = 0 and q(S(E, 3)) = 1, by the Enriques-Kodaira classification of complex surfaces [11] we see that S(E, 3) is the blow up of an S 2 bundle over T 2 . Furthermore, using σ(S(E, 3)) = −3, we deduce that the total space S(E, 3) is T 2 × S 2 #3CP 2 . This can be also derived from Proposition 4.1 in [39] .
For the sake of completness and for the beauty of the construction, let us also recall Example 4.7 from [42] below, which gives a geometric description of the fibration above, and provide the details. The discussion below allows us to see the existence of three (−1) sphere sections of Xiao's fibration, and types of its seven singular fibers. We are grateful to R. Pignatelli for explaining this fibrations to us. 
with 4 triple points P 1 , P 2 , P 3 , P 4 , and 3 double points P 5 , P 6 , P 7 , i.e., a complete quadrangle (see Figure 3 ).
Let us choose a generic irreducible complex quartic C passing through these seven points which has the double points at P 5 , P 6 , and P 7 . The existence of such an irreducible quartic is explained in [42] , on page 66. Blow up CP 2 at the points P 1 , · · · , P 7 , and let π :
be the blow up map and E i be the exceptional divisor corresponding to the blow up at the points P i for i = 1, · · · , 7. Let H be the total transform in Y of a line in CP 2 , and let L j , L ′ j , C be the strict transform of the lines L j , L ′ j and quartic C in CP 2 . We have
) be a divisor on Y which has no crossings and divisible by two. The divisor D determines a double cover p : S → Y .
Notice that there is a genus two fibration obtained by pulling back the pencil of lines through point P 1 . Xiao's fibrations is obtained by considering the relatively minimal model of this fibration. More precisely, he contracts all (−1) spheres contained in fibers. These three (−1) spheres on the double cover arise from the proper transforms of lines L 1 , L 2 , and
, and L ′ 3 also give rise to the spheres with self-intersection (−1) in the double cover, which are the sections of this fibration.
Let us denote the total space of Xiao's fibration by S. Next, we verify that e(S) = 3, σ(S) = −3. By Euler number and Hirzebruch's signature formulas for the double cover, we have compute the Euler number and the signature of S as follows.
Now, using e(S) = e( S) − 3 = 3, σ(S) = e(σ( S)) + 3 = −3, we see that χ h (S) = 0 and c 2 1 (S) = −3. It is shown in [42] that the irregularity q of the complex surface S is 1.
One can also see the types of the singular fibers from the above branch cover description. The configurations of curves
arising from the blow up of the points P 1 , · · · , P 7 , give rise to the three singular fibers with separating vanishing cycles in S, once we contracts all (−1) spheres of S contained in fibers. Also, since the quartic C has exactly four tangent lines passing through the point P 1 (this follows from the Riemann-Hurwitz formula), these complex tangent lines in the double cover give us four singular fibers with nonseparating vanishing cycles.
Symplectic Kodaira Dimension and Minimality of Symplectic Fiber Sums.
In what follows, we recall the definition of symplectic Kodaira dimension, and state a few theorems on computing the symplectic Kodaira dimension and on symplectic minimality of fiber sums, that are used in proving the main results in the next section.
The notion of Kodaira dimension has been introduced by K. Kodaira for complex manifolds. It has played a fundamental role in the classification theory of complex surfaces. For symplectic 4-manifolds, there is also a notion of symplectic Kodaira dimension (see [30, 31, 36, 29] ).
Definition 9. For a minimal symplectic 4−manifold (X 4 , ω) with symplectic canonical class K ω , the Kodaira dimension of (X 4 , ω) is defined as follows:
If (X 4 , ω) is not minimal, then it's Kodaira dimension is defined to be that of any of its minimal models.
It is proved in [30] that the symplectic Kodaira dimension is a diffeomorphism invariant. Also, it was shown in [17] that the symplectic Kodaira dimension coincides with the complex Kodaira dimension when both are defined.
Let us now recall two theorems proved in [32] and [16] , concerning how the symplectic Kodaira dimension changes under the symplectic fiber sum. These theorems will be used to verify that our Lefschetz fibration have the symplectic Kodaira dimension 2.
Theorem 10. Let M = X# Σ Y be a symplectic fiber sum along an embedded symplectic surface Σ in the four-manifolds X and Y . Then the symplectic Kodaira dimension is non-decreasing, i.e.
For genus 0 case, the above theorem reduces to the following theorem (see [16] ).
Theorem 11. Let M = X# S Y be a symplectic fiber sum on four-manifolds along a symplectic hypersurface S of genus 0 and κ(X) ≥ 0. Assume there exist no symplectic exceptional spheres disjoint from
The minimality of symplectic fiber sums is described by the following theorem. We will use this theorem to verify that the total space of our Lefschetz fibrations are minimal symplectic 4-manifolds.
Theorem 12.
( [41] , [16] ). Let M be the symplectic fiber sum X# V Y of the symplectic manifolds (X, ω X ) and (Y, ω Y ) along an embedded symplectic surface V of genus g ≥ 0.
and Z has at least 2 disjoint exceptional spheres E i each meeting the submanifold V Z ⊂ Z positively and transversely in a single point with In this section, we state and prove some our main results, which are Theorems 13, 14, and 15. We begin with some preparation before stating and proving these theorems.
Let β 0 , β 1 , β 2 , and c be the vanishing cycles corresponding to the Dehn twists B 0 , B 1 , B 2 , and C of Matsumoto's genus two Lefschetz fibration given in Section 2.4. We will make use of the following two identities
The first identity simply comes from the monodromy of Matsumoto's genus two fibration, and the second identity obtained using the fact that the vertical involution ι of the genus two surface with two fixed points leaves the curve β 0 invariant. By applying the identities (7), (8) and part (i) of lemma 2, we have
Let f and g be the diffeomorphisms of the genus two surface. Let X(2), X(2, f ), and X(2, f, g) denote the total space of the genus two Lefschetz fibration given by the relators (
respectively. Notice that X(2, f ) and X(2, f, g) obtained via twisted fiber sum of two copies of Matsumoto's fibration, and
Theorem 13. There exists a Lefschetz fibration f θ :
2 (X θ ) = 1 and π 1 (X θ ) = Z 3 that can be obtained from twisted fiber sum of two copies of Matsumoto's fibration by applying a single lantern substitution to it's monodromy. Moreover, X θ is a minimal symplectic 4-manifold with the symplectic Kodaira dimension κ = 2.
Proof. Let us consider the diffeomorphism
1 of the genus two surface, where C i are Dehn twists diffeomorphism along the standard curves c i as shown in Figure 7 . Using Figure 6 , we verify the following equations in π 1 (Σ 2 ). From the description of the map ι, it is easy to check that the followings equation also holds in π 1 (Σ 2 ).
By conjugating the global monodromy for Matsumoto's fibration by φ and ιφ, applying Lemma 2 and the discussion above, we obtain the following two words
The Lefschetz fibrations given by above relators are both isomorphic to Matsumoto's fibration, and thus each has a total space M = T 2 × S 2 #4CP 2 . By concatenating the words (18) and (19), we obtain the relation below. Notice that this concatenation in the mapping class group corresponds to the symplectic fiber summing of two copies of Matsumoto's fibration.
Finally, by applying the lantern relation C 2 5 C 2 1 = C 3 CB 2 , we obtain the following relation with 10 nonseparating vanishing cycles and 5 separating vanishing cycle.
Let X θ denote the total space of the genus two Lefschetz fibration given by the above monodromy. By applying Lemma 6 and Euler characteristic formula for the Lefschetz fibrations, we compute the topological invariants of X θ as follows: e(X θ ) = e(S 2 )e(Σ 2 ) + #singular fibers = 2(−2) + 15 = 11,
Thus, the following relations hold in π 1 (X θ ):
where a 1 , b 1 , a 2 , and b 2 are standard generators for the fundamental group of Σ 2 . Using the relations (22) , (23) , and (24), we obtain a 1 = a 2 and a 1 2 = 1. Next, using the relations (25), (26) , and (27), we have a 1 = a 2 = 1 and b 1 b 2 2 = 1. Similarly, the relations (28), (29) , and (30) yields to b 2 b 1 2 = 1. Thus, we can conclude that
Since we have verified that b 1 (X θ ) = 0, we compute b
To show that X θ is symplectically minimal, let us recall that X θ was obtained from X(2, φ, ιφ) via a single lantern substitution (i.e. by a rational blowdown surgery along −4 sphere (see [23] for the definition of rational blowdown). Moreover, the rational blowdown surgery along −4 sphere can be viewed as the symplectic sum: we have X θ = X(2, φ, ιφ)# S,V CP 2 CP 2 , where V CP 2 an embedded +4-sphere in class of [V CP 2 ] = 2[H] ∈ H 2 (CP 2 , Z), and S is a symplectic −4 sphere in X(2φ, ιφ). Since X(2, φ, ιφ) = M # Σ 2 M is symplectically minimal by Theorem 12 (case (iii) applies), it also follows from Theorem 12 that X θ is a minimal symplectic 4-manifold. Finally, it follows from Theorem 10, and the above symplectic fiber sum decomposition that κ(X(2, φ, ιφ)) ≥ κ(X(2)) ≥ max{κ(M ), κ(Σ 2 )} = 1 and consequently, we have κ(X θ ) ≥ κ(X(2, φ, ιφ)) ≥ max{κ(X(2)), κ(CP 2 ), κ(S 2 )} ≥ 1. Since X θ is symplectically minimal and c 1 2 (X θ ) = 1, we conclude that κ(X θ ) = 2.
The proofs of the following theorem is similar to the proof of Theorem 13. We will provide the details of the fundamental group computations, but omit the proofs of minimality and the symplectic Kodaira dimension computations for the sake of brevity, which are identical to as in Theorem 13. Theorem 14. There exists a genus two Lefschetz fibration f η : X η → S 2 with b + 2 (X η ) = 1, c 1 2 (X η ) = 1 and π 1 (X η ) = Z 4 that can be obtained from twisted fiber sum of two copies of Matsumoto's fibration by applying a single lantern substitution to it's monodromy. Moreover, X η is minimal symplectic 4-manifold with the symplectic Kodaira dimension κ(X η ) = 2.
Proof. We consider the diffeomorphism ψ = C 5 C −1
of the genus two surface. Using Figure 6 , it easy to verify the following equations hold in π 1 (Σ 2 ). Figure 6 . Curves x 1 , x 2 , x c , a and b
We conjugating the global monodromy of Matsumoto's fibration by ψ and apply Lemma 2 to obtain the following word
Next, we concatenate the words (19) and (37) to obtain the relation given below.
Finally, by applying the lantern relation C 2 4 C 2 1 = BCA, which is obtained by conjugating the lantern relation
4 and the equations (35) and (36), we obtain the following relation which has 10 nonseparating vanishing cycles and 5 separating vanishing cycle.
Let X η denote the total space of the genus two Lefschetz fibration given by the above monodromy. Next, let us compute the topological invariants of X η as given below:
e(X η ) = e = 2(−2) + 15 = 11,
In what follows, we use the Dehn twist factorization (
Thus, the following relations hold in π 1 (X η ):
where a 1 , b 1 , a 2 , and b 2 are standard generators for the fundamental group of Σ 2 . Using the relations (40), (41) , and (42), we obtain b 2 = a 
Since b 1 (X η ) = 0, we compute b + Theorem 15. Let n be any integer. There exists a family of Lefschetz fibration f n : X θn → S 2 with e(X θn ) = 11, b + 2 (X θn ) = 1, c 1 2 (X θn ) = 1, and
that can be obtained from twisted fiber sum of two copies of Matsumoto's fibration by applying a single lantern substitution to it's monodromy. Moreover, X θn is minimal symplectic 4-manifold with the symplectic Kodaira dimension κ(X θn ) = 2.
Proof. Let us consider the diffeomorphisms
and φ n = C n 1 C 4 of the genus two surface, where C i are Dehn twists diffeomorphism along the standard curves c i as shown in Figure 7 . Using Figure 6 , it is easy to verify the following equations in π 1 (Σ 2 ).
y ,n y ,n y ,n z ,n z ,n z c,n Figure 7 . Curves y 0,n , y 1,n , y 2,n , z 3,n , z 2,n and z c,n
By conjugating the global monodromy for Matsumoto's fibration by φ n , applying Lemma 2, we obtain the following word
Since the Lefschetz fibrations given by the relators (37) and (57) are both isomorphic to Matsumoto's fibration, each has a total space M = T 2 × S 2 #4CP 2 . Next, we concatenate the words (37) and (57) to obtain the relation below.
Finally, by applying the lantern relation C 2 4 Y 2 0,n = Z 3,n Z c,n Z 2,n , which is obtained by conjugating the lantern relation C 2 5 C 2 1 = C 3 CB 2 by ψ n and the equations (49), (53)- (56), we obtain the following relation with 10 nonseparating vanishing cycles and 5 separating vanishing cycle.
Let X θn denote the total space of the genus two Lefschetz fibration given by the monodromy θ n = 1. Applying Lemma 6 and Euler characteristic formula for the Lefschetz fibrations, we compute the topological invariants of X θn as follows: To compute π 1 (X θn ), we use word (
We have
Thus, the following relations hold in π 1 (X θn ):
where a 1 , b 1 , a 2 , and b 2 are standard generators for the fundamental group of Σ 2 . Using the relations (60), (61), and (62), we obtain a 1 n b 1 = 1 and b 2 2 = 1. Next, using the relations (63), (64), and (65), we have b 2 = 1 and a 1 a 2 = 1. Similarly, the relations (28), (29) , and (30) yields to b 1 a 1 −2 = 1. Thus, we can conclude that
Notice that when n = −3 or −1, the group given by the above presentation is trivial. If n = −2, then π 1 (X θn ) = Z, which is generated by a 1 . When n = −3, −2, −1, then π 1 (X θn ) = Z |n+2| non-trivial finite cyclic group of order |n + 2|. Since we have verified that b 1 (X θn ) = 0 for n = −2, we compute b + 2 (X θn ) = 2χ(X θn ) + 2b 1 (X θn ) − 1 = 1. For n = −2, we have b 1 (X θn ) = 1 and b + 2 (X θn ) = 2χ(X θn ) + 2b 1 (X θn ) − 1 = 3. Thus, X θ −2 is non Kähler symplectic 4-manifold.
To show X θn is symplectically minimal, we proceed as in the proof of Theorem 13. We will use the facts that X θn was obtained from X(2, φ n , ψ n ) by a single lantern substitution, X θn = X(2, φ n , ψ n )# S,V CP 2 CP 2 and X(2, φ n , ψ n ) is symplectically minimal. Using Theorem 12, we deduce that X θn is a minimal symplectic 4-manifold. Finally, by applying Theorem 10, and the above symplectic fiber sum decomposition, we have κ(X(2, φ n , ψ n )) ≥ κ(X(2)) ≥ max{κ(M ), κ(Σ 2 )} = 1 and consequently, we have κ(X θn ) ≥ κ(X(2, φ n , ψ n )) ≥ max{κ(X(2)), κ(CP 2 ), κ(S 2 )} ≥ 1. Since X θ is symplectically minimal and c 1 2 (X θn ) = 1, we have κ(X θn ) = 2. When n = −1 or n = −3, using κ(X θn ) = 2 we can deduce that X θ −1 and X θ −3 are exotic symplectic copies of CP 2 #8CP 2 .
Remark 16.
Further examples can be obtained using other lantern substitutions. We present a few additional cases here, but omit the details. Let choose the diffeomorphism φ = C 4 C 3 C 5 C 4 . We have φ(c 5 ) = c 3 , and we set u 1 := φ(v 1 ), u 2 := φ(v 2 ) and u c := φ(v c ). Therefore, we obtain the relations
Notice that we can apply lantern substitutions to these relations since c 3 is disjoint from β 0 and c 1 . We have verified that the fundamental groups of the resulting Lefschetz fibrations are Z 2 and Z 3 , respectively.
Remark 17.
It is an interesting problem to determine if the Lefschetz fibrations f θ : X θ → S 2 , f η : X η → S 2 , and f n : X θn → S 2 , which all have the minimal total spaces, are fiber sum indecomposible or not. Notice that if the total spaces X θ , X η , and X θn , which all have n = 10 nonseparating and s = 5 separating vanishing cycles, decomposes as a fiber sum X 1 # Σ 2 X 2 of two Lefschetz fibrations over S 2 , then we can assume that X 1 has 2 separating and X 2 has 3 separating vanishing cycles. The proof rests on the following three facts: (1) there exist no Lefschetz fibration over S 2 with only separating vanishing cycles; (2) for a genus two Lefschetz fibration over S 2 with n nonseparating and s separating vanishing cycles, (n + 2s) ≡ 0 mod 10; (3) there exist no Lefschetz fibration over S 2 with n = 2, and s = 4. Using the number of vanishing cycles and their type for X 1 (n 1 = 6 and s 1 = 2) and X 2 (n 2 = 4 and s 2 = 3), we compute their topological invariants: e(X 1 ) = 4, σ(X 1 ) = −4, χ(X 1 ) = 0, c 2 1 (X 1 ) = −4, and e(X 2 ) = 3, σ(X 2 ) = −3, χ(X 2 ) = 0, c 2 1 (X 2 ) = −3. Consequently, it follows from Proposition 4.1 in [39] that X 1 and X 2 must be diffeomorphic to T 2 × S 2 #4CP 2 and T 2 × S 2 #3CP 2 , respectively. It is possibile that our fibration decomposes as the fiber sum of Matsumoto's fibration [34] (with n = 6 and s = 2) and Xiao's fibration [42] (with n = 4 and s = 3). However, the explicit monodromy of latter fibration is unknown. A few weeks after we announced our result (see the earlier versions of this preprint in arXiv), I. Baykur and M. Korkmaz posted a preprint [13] which constructs explicit monodromy of such a genus two Lefschetz fibration. It is not clear whether their fibration is related to Xiao's fibration. One can compute the monodromy of Xiao's fibration using the branched cover description outlined in Example 8, and applying the braid monodromy techniques of B. Moishezon. Another, interesting problem would be to determine if our fibrations f θ : X θ → S 2 , f η : X η → S 2 , and f n : X θn → S 2 (for n = −2 and −7 ≤ n ≤ 3) are holomorphic or not. It is known that our fibration f n : X θn → S 2 can not be holomorphic for all other n. In a follow-up project, we will study these problems.
The existence of a section
First, we show that our example in Theorem 13 has a sphere section of square −2. Let B 0 , B ′ 0 , B 1 , B 2 and C be the Dehn twists along the simple closed curve β 0 , β ′ 0 , β 1 , β 2 , and c as in Figure 8 . Ozbagci and Stipsicz [38] show that there is the following lift of (
where ∂ is the Dehn twist along the simple closed curve δ parallel to the boundary component of Σ 1 2 . This guarantees that Matsumoto's fibration admits a sphere section of square −1. By drawing corresponding curves and applying the corresponding Dehn twist, we obtain the following identity.
Define simple closed curves to be
Since ι = B 0 B 1 B 2 C = (B 0 B 1 B 2 C) −1 leaves the curves β 0 , β 1 , β 2 and c invariant, the Dehn twists B ′ 0 , B ′ 1 , B ′ 2 and C ′ along β ′ 0 , β ′ 1 , β ′ 2 and c ′ are lifts of B 0 , B 1 , B 2 and C, respectively. From the above we have the following identities.
Moreover, it is easy to seen that these two identities are lifts of Let us consider the element φ = C −1
which is a lift of φ in M 2 to M 1 2 , where C i is the Dehn twist along c i as shown in Figure 9 and the element ι = B 0 B 1 B 2 C which is a lift of ι. We have
and set
By conjugating the relations (70) and (71) by φ and ι φ, respectively, and applying the discussion above, we obtain the following two words
Therefore, we have
By applying the lantern relation C ′ 5 C 5 C 2 1 = C 3 C B 2 which is a lift of the lantern relation C 2 5 C 2 1 = C 3 CB 2 in M 2 to M 1 2 , we have the following equation
It is easy to check that this is a lift of the relation (59), that is, the Lefschetz fibration in Theorem 13 has a sphere section of square −2.
Next, we show that the Lefschetz fibration in Theorem 14 admits a sphere section of square −2. Let us consider the element ψ = C 5 C Figure 9 which are lifts of ψ and C 4 in M 2 to M 1 2 . Then, we have
By conjugating the relations (70) by ψ and applying the discussion above, we obtain the following word.
Here, since it is easily seen that
by conjugating the lantern relation
, we obtain the lantern relation
By applying the lantern relation C ′ 4 C 4 C 2 1 = B C A to the relation (75), we have the following equation
It is easy to check that this is a lift of the relation (39) , that is, the Lefschetz fibration in Theorem 14 has a sphere section of square −2. Finally, we show that the Lefschetz fibration in Theorem 15 admits a sphere section of square −2. Let us consider the element φ n = C n 1 C 4 and
which are lifts of φ n and ψ n in M 2 to M 1 2 , respectively. Then, we have y c,n := φ n ( c) = c, y c,n := φ n ( c ′ ) = c ′ , and set
By conjugating the relations (70) by φ n and applying the discussion above, we obtain the following word.
by conjugating the lantern relation C ′ 5 C 5 C 2 1 = C 3 C B 2 by ψ n , we obtain the lantern relation
which is a lift of the lantern relation C 2 4 Y 2 0,n = Z 3,n Z c,n Z 2,n in M 2 to M 1 2 . By applying the lantern relation C ′ 4 C 4 Y 2 0,n = Z 3,n Z c,n Z 2,n to the relation (76), we have the following equation
It is easy to check that this is a lift of the relation (39) , that is, the Lefschetz fibration in Theorem 15 has a sphere section of square −2.
Fiber sums of Matsumoto's and Xiao's genus two Lefschetz fibrations
In this section, using Matsumoto's and Xiao's [35, 42] genus two Lefschetz fibrations, we construct various examples of genus two Lefschetz fibrations over S 2 via the symplectic fiber sums and Luttinger surgery with the invariants c 2 1 = 1, 2, χ = 1 and the fundamental groups 1, Z × Z, Z n , and Z × Z n (for any integer n ≥ 2). In the simply connected cases of c 2 1 = 1 and χ = 1, and c 2 1 = 2 and χ = 1, the total spaces of our Lefschetz fibrations are exotic copies of CP 2 #8CP 2 and CP 2 #7CP 2 , respectively. As we remarked in the introduction, our construction method and building blocks are similar to the ones given [2, 6, 3, 7, 9, 10] . These Lefschetz fibrations were promised in the previous version of this article (see Remark 14, pages 14-15, arXiv:GT/1509.01853v2). Similar examples were obtained recently and independently by I. Baykur and M. Korkmaz in [13] , but also using some of the symplectic building blocks and constructions given in [8, 3, 7] . 5.1. Small genus two Lefschetz fibrations with c 2 1 = 1, χ = 1. In this section, we construct various genus two Lefschetz fibrations with the topological invariants e = 11 and σ = −7. Let us recall from subsection 2.4 that there is a genus 2 symplectic surface Σ 2 of self-intersection 0 in (T 2 × S 2 )#4CP 2 , where Σ 2 is a regular fiber of Matsumoto's fibration. We will denote the standard generators of π 1 ( Σ 2 ) and , 2 ) and x, y, respectively. Using the expressions for the vanishing cycles β 0 and β 2 in Section 2.4, we can assume that the inclusion Σ 2 ֒→ (T 2 × S 2 )#4CP 2 maps the fundamental group generators as follows:
Moreover, it is easy to see that
This follows from the fact that Matsumoto's fibration admits a sphere section and hence the meridian of Σ 2 is nullhomotopic in the complement of Σ 2 . Let us now recall from subsection 2.5 that there is a genus 2 symplectic surfaceΣ 2 of self-intersection 0 in S(E, 3) = (T 2 × S 2 )#3CP 2 , whereΣ 2 is a regular fiber of Xiao's genus two fibration. We denote the standard generators of π 1 (Σ 2 ) and , 2) and z, t, respectively. Without loss of generality, we can assume that one of the nonseparating vanishing cycle of Xiao's fibration can be reperesented by the loop γ =d 1d2 in π 1 (Σ 2 ). This can be achieved by conjugating the global monodromy of Xiao's fibration by an isotopy class of a carefully chosen diffeomorphism ofΣ 2 . Thus, we can assume that the following relation holds in π 1 ((T 2 × S 2 )#3CP 2 ):d 1d2 = 1. Here, we can replace the relationd 1d2 = 1 withc 1c2 = 1 if needed. Moreover, since Xiao's fibration admits a sphere section 2.5, it's fundamental group is carried by a regular fiber, and
is a free abelian group of rank two andc 1 ,d 1 ,c 2 , d 2 generate this group, we can assume that it can be generated by {d 1 ,c 1 } or {d 1 ,c 2 }. This follows from the basic fact that in a free abelian group any two basis have the same cardinality.
We form the symplectic fiber sums of Matsumoto's fibration and Xiao's fibration along their regular fibers:
, where the gluing diffeomorphisms ψ, φ : ∂(ν Σ 2 ) → ∂(νΣ 2 ) maps the generators of π 1 ( Σ 2 ) as follows:
It follows from Seifert-Van Kampen's Theorem that π 1 (Z(φ)) and π 1 (Z(ψ)) are both abelian groups of rank less than equal 2. Since the gluing map φ introduces no new relations, among the generators c 1 and d 1 , the fundamental group of Z(φ) is Z × Z. To compute the fundamental group of Z(ψ), we use the relations 1 = d 1 d 2 = a 1 b 2 , a 1 a 2 = b 1 b 2 = 1, we deduce that the fundamental group of is Z. The Euler characteristic and signature of Z(φ) and Z(ψ) are given as follows: e(Z(φ); Z(ψ)) = e(T 2 × S 2 #4CP 2 ) + e(T 2 × S 2 #3CP 2 ) + 4 = 11, and σ(Z(φ); Z(ψ)) = σ(T 2 × S 2 #4CP 2 ) + σ(T 2 × S 2 #3CP 2 ) = −7, and thus c 2 1 (Z(φ); Z(ψ) = χ(Z(φ); Z(ψ)) = 1. Let µ and µ ′ denote two distinct meridians of Σ 2 , which are nullhomotpic in the complement (T 2 × S 2 #4CP 2 ) \ νΣ 2 . Let R =d 2 × µ be the rim tori in Z(ψ) resulting from the symplectic fiber sum, whered 2 is a suitable parallel copy of the generators d 2 . Observe that this rim torus is Lagrangian, and has a dual rim torus T =c 2 × µ ′ . We One can show that the effect of a Luttinger surgery (R,d 2 , ±1) is the same as changing the gluing map that we have used in our symplectic fiber sum above in the construction of Z(ψ). Let us perform the following Luttinger surgery on Lagrangian torus (R,d 2 , −1/n). The Luttinger surgery yields to d n 2 = 1. We obtain the following abelian groups of rank less than equal one as the fundamental groups: (a) {0} if we set n = ±1; (b) Z n if set n = ±|n| where |n| ≥ 2. The Lefschetz fibration with c 2 1 = 2 and χ = 1 and with the fundamental group Z × Z n can be otained by applying a single Luttinger surgery to Z(φ). We skip the details since they are very similar to the above constructions using Z(ψ).
5.2.
Small Lefschetz fibrations with c 2 1 = 2 and χ = 1. In this section, we will construct the genus two Lefschetz fibrations with the invariants c 2 1 = 2, χ = 1, and the fundamental groups 1, Z × Z, Z n , and Z × Z n (for any n ≥ 2). When the fundamental group is trivial, the total space of our Lefschetz fibration is an exotic copy of CP 2 #7CP 2 . Using the symplectic fiber sum, we will first construct our Lefschetz fibration with the invariants c 2 1 = 2, χ = 1, and the fundamental group Z × Z. By applying one or two Luttinger surgeries to the total space of this fibration, we will obtain our Lefschetz fibrations with c 2 1 = 2, χ = 1, and the fundamental groups 1, Z n , and Z × Z n (for any n ≥ 2). We refer the reader to [3, 10] for similar constructions of Lefschetz fibrations with c 2 1 = 0, and χ = 1, which were obtained via Luttinger surgery on fiber sum of two copies of Matsumoto's fibration. The expert reader will observe that the later genus two fibration has the total space E(1)#(T 2 × T 2 ), and the genus two fibration obtained in [3, 10] via Luttinger surgery decends from this genus two fibration (see also related earlier work in [24] ).
We form the symplectic fiber sum of two copies of Xiao's fibration along their regular fibers:
, where the gluing diffeomorphism ψ : ∂(ν Σ 2 ) → ∂(νΣ 2 ) maps the generators of π 1 ( Σ 2 ) as follows:
Since Xiao's fibration admits −1 sphere sections, the genus two fibration on W (ψ) admits −2 sphere section. Also, recall from our discussion in Section , we can assume that the relation
for the first fibration, and the relation c ′ 1 c ′ 2 = 1 holds in π 1 ((T 2 × S 2 )#3CP 2 ) for the second fibration. Using the existence of −2 sphere section, it follows from Seifert-Van Kampen's Theorem that π 1 (W (ψ)) is generated by c 1 , d 1 , c 2 , and d 2 , and the relations c 1 c 2 = 1 and d 1 d 2 = 1 both hold in π 1 (Z(ψ)). Moreover, using the relations d 1 d 2 = c 1 c 2 = 1, we deduce that the fundamental group of W (ψ) is Z × Z. The Euler characteristic and signature of W (ψ) are given as follows: e(W (ψ)) = e(T 2 × S 2 #3CP 2 ) + e(T 2 × S 2 #3CP 2 ) + 4 = 10, and σ(W (ψ)) = σ(T 2 × S 2 #3CP 2 ) + σ(T 2 × S 2 #3CP 2 ) = −6, and thus c 2 1 (W (ψ) = 2 and χ(W (ψ) = 1. Let µ and µ ′ denote two distinct meridians ofΣ 2 , which are nullhomotpic in the complement (T 2 × S 2 #3CP 2 ) \ νΣ 2 . Let R 1 =c 1 × µ, and R 2 =d 2 × µ be the rim tori in W (ψ) resulting from the symplectic fiber sum, wherec 1 andd 2 are suitable parallel copies of the generators c 1 and d 2 . Observe that the rim tori R 1 and R 2 are Lagrangian. Moreover, these rim tori have the dual rim tori T 1 =d 1 × µ ′ , and
One can show that the effect of two Luttinger surgeries (R 1 ,c 1 , ±1/m) and (R 2 ,d 2 , ±1/n) is the same as changing the gluing map that we have used in our symplectic fiber sum above in the construction of W (ψ). Let us perform the following two Luttinger surgeries on pairwise disjoint Lagrangian tori (R 1 ,c 1 , −1) and (R 2 ,d 2 , −1/n). Our first Luttinger surgery yields to c m 1 = 1 and the second surgery yields to the relation d n 2 = 1. Since c 1 and d 2 also commutes, we obtain the following abelian groups of rank less than equal one as the fundamental groups: (a) {0} if we set n = ±1, m = ±1, (b) Z n if set m = ±1, and n = ±|n| where |n| ≥ 2, and (c) Z × Z n if we set m = 0 and n = ±|n| where |n| ≥ 2. and with a trivial fundamental group, using the Lefschetz fibration f −1 : X θ −1 → S 2 obtained in Section 3 along with Matsumoto's and Xiao's genus two Lefschetz fibrations. The total spaces of our genus two Lefschetz fibrations are exotic copies of 3CP 2 #12CP 2 , 3CP 2 #13CP 2 , 3CP 2 #14CP 2 , and 3CP 2 #15CP 2 , respectively. Recall that existence of such exotic symplectic 4-manifolds are well known (see introduction of [6] , and [7] for concise history). Some of these exotic 4-manifolds, but not all, were not known to be a total space of Lefschetz fibration over S 2 . Here we give yet another construction, which demonstrates them as the total spaces of genus two Lefschetz fibrations over S 2 .
We first present the cases of b + 2 = 3 and b − 2 = 13, 14, which are obtained similarly. The total spaces of these Lefschetz fibrations are exotic copies of 3CP 2 #13CP 2 and 3CP 2 #14CP 2 . To obtain such Lefschetz fibrations, we form the symplectic fiber sum of the fibration Lefschetz f −1 : X θ −1 → S 2 with Matsumoto's fibration and Xiao's fibration respectively, along their regular fibers:
Using the facts that all three Lefschetz fibrations admit sphere sections and applying the Seifert -Van Kampen's Theorem, it is straightforward to check the fundamental groups of V 14 and V 13 are trivial. Since V 14 and V 13 are symplectic 4-manifolds with b + 2 = 3, and e(V 14 ) = 19, σ(V 14 ) = −11, and e(V 13 ) = 18, σ(V 13 ) = −10, using the Freedman's classification theorem [22] for simply-connected 4-manifolds and nontriviality of Seiberg-Witten invariants for symplectic 4-manifolds [40] , we conclude that V 13 and V 14 are exotic copies of 3CP 2 #13CP 2 , and 3CP 2 #14CP 2 respectively. It follows from Usher's Minimality Theorem in [41] that V 13 and V 14 are minimal symplectic 4-manifolds.
The genus two Lefschetz fibration with b
, and with an exotic minimal total space can be obtained in several ways. For example, one can form the symplectic fiber sum of genus two Lefschetz fibration on the knot surgered elliptic surface E(1) K [24] , where K is the trefoil or figure eight knot, with Matsumoto's genus two fibration on T 2 ×S 2 #4CP 2 . Another example was constructed in [8] applying the lantern relations to the monodromy of a well known genus two Lefschetz fibration on K3#2CP 2 . Here we present the third example by taking 3-fold symplectic fiber sum
Matsumoto's genus two fibration, where our gluing maps φ and ψ send the generators a 1 and
−1 a 1 = 1 to the nonseparating vanishing cycles of Matsumoto's fibration. More precisely, we choose our gluing diffeomorphism φ such that it maps the nonseparating loop a 1 and the dual nonseparating vanishing cycle β 0 in the first copy to the nonseparating vanishing cycle β ′ 0 and the dual nonseparating loop a ′ 1 in the second copy. The existence of such a diffeomorphism is easy to show, and can be found in [21] (see pages [39] [40] . Similarly, we choose our gluing map ψ such that it maps the nonseparating loop b ′ 1 in M # φ M , which survives and generates π 1 (M # φ M ), to the nonseparating vanishing cycle β ′′ 0 in the third copy. It is easy to see that π 1 (V 15 ) is trivial. Applying Freedman's classification theorem [22] 
Xiao's genus two Lefschetz fibration. Our gluing maps φ and ψ are identical to that given above. Using the discussion in Section 5.1, we see that the gluing maps φ and ψ are well defined; one can assume that β 0 is one of the vanishing cycle of Xiao's fibration by conjugating it's monodromy with the mapping class of a carefully chosen diffeomorphism ofΣ 2 . Our fundamental group computation for S# φ S# ψ S follows the exact same line of arguments as in the case for M # φ M # ψ M . Using Freedman's classification theorem [22] , the fact that V 15 is symplectic 4-manifold with b + 2 = 3, and Usher's Theorem, we can conclude that V 12 is an exotic copy of of 3CP 2 #12CP 2 , and symplectically minimal.
5.4. Construction of exotic CP 2 #4CP 2 and 3CP 2 #6CP 2 using Xiao's genus two fibration. Our construction of exotic CP 2 #4CP 2 and 3CP 2 #6CP 2 presented here are analogs of the constructions of exotic copies CP 2 #5CP 2 and 3CP 2 #7CP 2 obtained by the first author in [2] . In [2] , the first author used Matsumoto's genus two Lefschetz fibration on T 2 × S 2 #4CP 2 along with other symplectic building blocks that he constructed in [1] to produce the above mentioned small exotic 4-manifolds (see also follow up work in [6, 3, 7] where further progress on this problem was made and alternative constructions were presented).
In this section, using Xiao's genus two fibration on T 2 × S 2 #3CP 2 given in Section 2.5, and the symplectic building blocks in [7] (see pages 2-3), we construct an irreducible smooth 4-manifolds homeomorphic but not diffeomorphic to CP 2 #4CP 2 and 3CP 2 #6CP 2 . Let us recall that exotic irreducible smooth structures on CP 2 #4CP 2 and 3CP 2 #6CP 2 were already constructed in [7] (the reader is refered to the Sections 10 and 12). The family of exotic smooth structures constructed in [7] , contains one symplectic and infinitely many non-symplectic exotic copies of CP 2 #4CP 2 and 3CP 2 #6CP 2 . Our construction here is similar, but we have one new ingredient, which is the use of Xiao's fibration. It is not clear if the exotic irreducible symplectic (smooth) 4-manifolds obtained here are diffeomorphic to the exotic irreducible symplectic (smooth) 4-manifolds constructed in [7] ; the building blocks and symplectic submanifolds are different. To construct our exotic smooth CP 2 #4CP 2 , we use the smooth 4-manifolds Y 2 (1, m) obtained from Σ 2 × T 2 by applying four torus surgeries, three of which are Luttinger surgeries (see [7] ). Let us recall the construction of Y 2 (1, m) from [7] . We fix an integer m ≥ 1. Assume that Σ 2 × T 2 is equipped with a product symplectic form. Let Freedman's theorem (cf. [22] ) implies that X(m) is homeomorphic to CP 2 #4CP 2 , once we verify π 1 (X(m)) = 1. Applying Seifert-Van Kampen's theorem, we deduce that π 1 (X(m)) is a quotient of the following finitely presented group: that π 1 ((T 2 × S 2 )#3CP 2 ) is a free abelian group of rank two andc 1 ,d 1 generate this group, thus one can express the elementc 2 asc 1 kd 1 l in this group, for some integers k and l. Using the gluing map ψ above, we identify a 2 = c 2 =c 1 kd 1 l = a k 1 b l 1 . Thus a 2 = 1 in π 1 (X(m)) as well. It follows that π 1 (X(m)) = 1. The same arguments as in the proof of Lemma 13 in [7] show that X(m) are all irreducible and infinitely many of them are non-symplectic and pairwise non-diffeomorphic.
Lemma 19.
There exist an irreducible symplectic 4-manifold and an infinite family of pairwise non-diffeomorphic irreducible non-symplectic 4-manifolds that are all homeomorphic to 3CP 2 #6CP 2 .
Proof. Recall that such an infinite family of exotic 3CP 2 #6CP 2 's was already constructed by the first author and D. Park in [7] (see Section 12) . The existence of exotic 3CP 2 #6CP 2 immediately follows from the existence of exotic CP 2 #4CP 2 containing a square 0 genus two surface. Since the exotic CP 2 #4CP 2 constructed above contains such a genus two surface, by normally connect-summing our exotic CP 2 #4CP 2 with Xiao's genus two fibration on T 2 × S 2 #3CP 2 along it's regular fiberΣ 2 yields to an exotic 3CP 2 #6CP 2 . Notice that the fundamental group of Xiao's fibration is carried by its regular fiber and the fibration admits a sphere section. Hence, any meridian of a regular fiber is nullhomotopic in the complement of a regular fiber, and thus a triviality of the fundamental group is straightforward to check by Seifert-Van Kampen's theorem. The remaining details can be filled in as in the previous proofs.
